We show that graphs with no minor isomorphic to the 3 × 3 grid have tree-width at most 7.
The approach
If a graph contains two disjoint circuits linked by eight disjoint paths, it clearly contains an 8-wheel minor and hence a 3 × 3 grid minor. (By disjoint we always mean vertex-disjoint.) In fact, as we shall see in Lemma 8, a minimal counterexample G to Theorem 1 cannot even contain two disjoint circuits linked by five disjoint paths.
A circuit of length at least five will be referred to as a long circuit. Thus, a 5-connected minimal counterexample to Theorem 1 does not contain two disjoint long circuits. By a result of Birmelé [2] , it therefore contains a transversal S of the long circuits with |S| ≤ 5. We extend this result to graphs which are not 5-connected by considering a suitable subset of the long circuits.
A long circuit of G will be called bad if the subgraph induced by the circuit forms one of the types shown in Figure 1 . In each of these drawings, the circuit C indicated by heavy lines is the bad circuit and the set X ⊂ V (C) is a 4-vertex-cut of G which separates V (C) \ X and V (G) \ V (C). The thin lines represent those edges of G[V (C)] which are not edges of C. The solid vertices, that is, the vertices of V (C) \ X, are called the bad vertices of C. A long circuit which is not bad will be called good.
We note that, for every bad circuit C and associated 4-vertex-cut X: X X X • C is of length five or six;
• Every bad vertex has all its neighbours on C. Thus only the four vertices of C in X can have a neighbour in V (G) \ V (C). In particular, if at least five vertices of a circuit each have a neighbour off the circuit, the circuit is good;
• G [X] , that is the subgraph induced by X, is not hamiltonian.
In Section 3, we shall prove:
Lemma 1 In a minimal counterexample to Theorem 1, every pair of good circuits intersect.
We use this to show, in Section 4, that a minimal counterexample to Theorem 1 contains a transversal S of the good circuits with |S| ≤ 5. We prove, in fact, a stronger result, to wit:
Lemma 2 A minimal counterexample to Theorem 1 contains a set S of at most five vertices meeting every 4-clique and every good circuit.
In the remainder of this section, we shall prove:
Combining Lemmas 2 and 3 and the easy observation that Proof: Let H be a K 4 -subdivision in G with as few vertices as possible. We may assume that at least one edge of H is subdivided. We may also assume that G has no circuit of length seven or more, as such a circuit would be a good one. Case 1: Exactly one edge of H is subdivided. Let us consider a hamiltonian circuit C of H. If C were a bad circuit, the edges of G[V (H)] not belonging to C would have to form a path of length two or three. But then G would contain a K 4 . Thus C is a good circuit. Case 2: At least two edges of H are subdivided. Since G has no circuit of length seven or more, no edge is subdivided more than once. Considering a hamiltonian circuit of H going through both subdivided edges, we can use the same argument as in Case 1. Figure 2 shows the hamiltonian circuits to consider when the subdivided edges are independent (Figure 2(a) ) or incident (Figure 2(b) ).
These introductory remarks show that, in order to prove Theorem 1, we need only prove Lemma 2, which we shall do by way of Lemma 1. 2 Connectivity properties of a minimal counterexample
In this section, we shall prove that a minimal counterexample to Theorem 1 is 4-connected. We shall also study its vertex cuts of size four. The proofs are based on the following fundamental lemma.
Lemma 6 Let G be a graph, X a vertex cut in G and V 1 , . . . , V r the vertex sets of the components of G − X.
Denote by G i be the graph obtained from G[X ∪ V i ] by adding a complete graph on X. Then
Consider the tree T obtained from ∪T i by adding a vertex t joined to every t i . Setting W t := X and W :
If X is a minimal vertex cut of a graph G then, for any component D of G − X and each vertex x ∈ X, there is a vertex x ∈ V (D) adjacent to x. Thus if x and y are two vertices of X, there is a path x P y in D between a neighbour x of x and a neighbour y of y, and hence an xy-path Q := xx P y y whose internal vertices lie in D. It follows that G has the minor (G − D) + xy. Likewise, by contracting D to a single vertex, one sees that G has as a minor the graph obtained from G − D by adding a new vertex d and joining d to each vertex of X. We shall implicitly use these observations in the proofs below.
Proposition 1 Let G be a minimal counterexample to Theorem 1. Then G is 4-connected.
Proof: It follows directly from Lemma 6 that G is 2-connected. Suppose that G has a vertex cut X := {x, y} of size two, and let Y be the vertex set of a component
Then G has H as a minor, so H has no 3 × 3 grid minor. By the minimality of G, T W (H) ≤ 7. Applying Lemma 6 yields that T W (G) ≤ 7, a contradiction.
Suppose, now, that G has a vertex cut X := {x, y, z} of size three. Define Y as above, and set H := G[X ∪ Y ] + {xy, yz, xz}. Suppose that H has a 3 × 3 grid minor. Because the 3 × 3 grid is bipartite, this minor does not uses all three of the edges xy, yz, xz. If it uses at most one, we can apply the same argument as above. Thus we may assume that it uses exactly two of these edges. Consider the minor H of G obtained by contracting a component D of G − X different from C to a single vertex d. Then every minor of H not using all three of the edges xy, yz, xz is also a minor of H and consequently of G. Therefore, H has no 3 × 3 grid minor. As above, this leads to a contradiction.
In the same vein, some vertex cuts of size four are also forbidden in G.
Lemma 7 Let G be a minimal counterexample to Theorem 1, and let X be a vertex cut of size four in G. Then G − X has exactly two components. Moreover, if these components have vertex sets V 1 and V 2 , at most one of the subgraphs G[X ∪ V i ], i = 1, 2, can be reduced to a complete graph on X by deleting vertices and deleting or contracting edges.
Proof: Let X = {x 1 , x 2 , x 3 , x 4 } be a vertex cut of G and suppose that G − X has at least three components, with vertex sets
by adding a complete graph on X. If H has a 3 × 3 grid minor, this minor, being bipartite, does not use every edge of the complete graph on X. We therefore can suppose that it doesn't use the edge x 1 x 4 . Contracting all the component V 2 to x 2 and all the component V 3 to x 3 shows that every minor of H not using
. Thus G would also have a 3 × 3 grid minor, which is a contradiction. Therefore H has no 3 × 3 grid minor. By the minimality of G, T W (H) ≤ 7. Now, by Lemma 6, T W (G) ≤ 7, a contradiction.
A similar argument establishes the second claim.
Good circuits intersect
In this section, we prove Lemma 1. Let G be a minimal counterexample to Theorem 1. To prove that every pair of good circuits intersect, we shall show that if G has two disjoint good circuits, they can neither be linked by five disjoint paths nor be separated by four vertices. Thus, by Menger's theorem, there is no pair of disjoint good circuits.
Lemma 8 G does not contain two disjoint circuits of length at least five linked by five disjoint paths.
Proof: The proof is given by Figures 6-11 at the end of the paper. Figure 6 shows the four possible configurations of two 5-circuits linked by five disjoint paths. In the near-Petersen and Petersen, an 8-circuit is indicated by dashed lines; this is the outer 8-circuit of a 3 × 3 grid. The subgraph indicated by bold lines is then contracted to a single vertex to form the central vertex of the grid. The remaining two configurations, the prism and near-prism, are treated in Figures 7 and 8-11. These two cases are more lengthy, particularly the latter. The drawings show that if these subdivisions exist, they exist in fact as subgraphs. It is then easy to finish the proof. By Lemma 1, G is 4-connected, so there must be at least one additional vertex. This vertex is linked by disjoint paths to four vertices of the prism or near-prism, and these four vertices must be pairwise nonadjacent, otherwise one would obtain a proper subdivision of the prism or near-prism, an eventuality which has been eliminated. But now the four paths, together with a Hamilton circuit in the prism or near-prism, yield a 3 × 3 grid minor.
The drawings are be interpreted as follows. If a circuit is indicated by dashed lines and a subgraph by bold lines, the circuit represents the outer circuit of a hypothetical grid and the subgraph, contracted, the central vertex of the hypothetical grid. A 3 × 3 grid indeed results unless the edge indicated in the succeeding drawing is just a single edge, and not a path of length two or more. The third drawing in the row (if there is one) identifies all the single edges which must be present by symmetry.
Not all the edges of the figure can be identified as single edges by this procedure. It is then necessary to consider a vertex v on a hypothetical subdivided edge, and use the 4-connectivity of G to derive a contradiction. The vertex is indicated in bold. We invoke a theorem of Perfect [8] which says that if v is a vertex of a k-connected graph G, and X is a set of at least k vertices of G, and if v is linked by disjoint paths to some subset S of X, where |S| < k, then there are in fact k disjoint paths in G (not necessarily including the original ones) linking v to some set T with S ⊂ T ⊆ X. In our case, k = 4, X is the set of vertices of the figure which are not internal vertices of the subdivided edge, and S consists of the two endpoints of this subdivided edge. We examine all the possible endpoints of an additional path emanating from the bold vertex and eliminate them, one by one (always taking account of symmetry to limit the number of cases). We conclude that all edges of the figure are indeed single edges and do not represent paths of length two or more.
Suppose that G has a vertex cut X of size four. By Lemma 7, G − X has exactly two components. We denote their vertex sets by Y and Z. We shall prove that X does not separate two disjoint good circuits by proceeding as follows:
•
• finally, we prove that every long circuit in G[X ∪ Z] is bad. 
Proof: We shall establish the lemma by showing first that G[Z] has no circuit of length four or more and then that G[Z] has no cut vertex.
By Lemma 9, we can assume that Y contains a long circuit C. Suppose that G[Z] contains a circuit C of length four or more. Since G is 4-connected, C and C are connected by four disjoint paths P 1 , P 2 , P 3 , P 4 , each of length at least two. Let x i be the vertex of X on P i , y i the endpoint of P i on C and z i the endpoint of P i on C , 1 ≤ i ≤ 4. We may assume that the paths are labelled in such a way that the y i are enumerated in the (cyclic) order that they appear around C. We may assume further that the z i appear either in the given cyclic order or in the order z 1 , z 2 , z 4 , z 3 . Figure 12 shows these two configurations, and indicates a 3 × 3 grid minor in the first one. Figures 13-15 (whose drawings are to be interpreted as described in the proof of Lemma 8 above) shows that G has a 3 × 3 grid minor, a contradiction. In Figure 13 , we obtain two cases (a) and (b) but show that it's enough to treat case (b). Notice that Figures 14 and 15 don't exclude the existence of a path linking x 1 to y 4 . But as G is 4 connected, we still obtain a contradiction. For better understanding of Figure 15 , keep in mind that C is a long circuit and that one of its four segments is therefore of length at least two.
Suppose, now that G[Z] has a cut vertex z. Contract two components of G[Z] − z to single vertices z 1 and z 2 . Because G is 4-connected, both z 1 and z 2 are each joined to at least three vertices of X, There are three cases to consider, shown in Figure 16 . In all three cases, G has a 3 × 3 grid minor, a contradiction.
Lemma 11 Any circuit of length at least five in G[X ∪ Z] is a bad circuit.
Proof: As in Lemma 10, we set X := {x 1 , x 2 , x 3 , x 4 } and denote by C a long circuit in G[Y ]. Because G is 4-connected, there are vertices y 1 , y 2 , y 3 , y 4 on C and disjoint paths P 1 , P 2 , P 3 , P 4 with x i linked to y i by P i , 1 ≤ i ≤ 4. The circuit C being of length five or more, we may suppose that the segment of C between y 4 and y 1 is of length at least two.
We set Z := {z}. To show that every long circuit in G[X ∪ Z] is bad, it suffices to check that G[X] is nonhamiltonian. If this were not so, either x 1 x 2 and x 3 x 4 or x 1 x 3 and x 2 x 4 would be edges. Figure 17 shows that both possibilities result in a 3 × 3 grid minor.
We set Z := {z 1 , z 2 }. Because G is 4-connected, each of z 1 and z 2 has at least three neighbours in X. Figure 18 shows the four possibilities (there are no others because G has no 3-cut) and eliminates cases (A) and (B). Case (C) is treated by Figure 19 :
• the first drawing shows that neither x 1 x 3 nor x 3 x 4 is an edge;
• We set Z := {z 1 , z 2 , z 3 }. As G is 4-connected, z 1 ,z 2 and z 3 each have at least two neighbours in X. As x 1 and x 4 each have at least one neighbour in Z and as G has no 3-cut, we may suppose, without loss of generality, that z 1 x 1 and z 3 x 4 are edges. Figure 22 shows that G then has a 3 × 3 grid minor unless N (z 1 ) ∩ X = {x 1 , x 4 }, N (z 2 ) ∩ X = {x 2 , x 3 } and N (z 3 ) ∩ X = {x 2 , x 4 }. In the drawings not representing a grid minor, the heavy lines show edges which must be present in G, and the dashed lines edges which cannot be present in G. This completes the proof of Lemma 1.
Finding a transversal
In this section, we prove Lemma 2, that is, the existence of a transversal S of size five for the good circuits and the 4-cliques. We first show that every pair of 4-cliques intersect. We then study the cases where there are at least two, exactly one, or no 4-clique.
Lemma 12 G does not contain two disjoint 4-cliques.
Proof: Suppose that G contains two disjoint 4-cliques K and K . They are linked by four disjoint paths P 1 ,P 2 ,P 3 and P 4 . We set K := {x 1 , x 2 , x 3 , x 4 } and K := {x 1 , x 2 , x 3 , x 4 } and choose these labels so that P i links x i to x i , 1 ≤ i ≤ 4. If two of these paths are not single edges, there is a 3 × 3 grid minor, as shown in Figure 3 (a). Thus we may suppose that P 2 , P 3 and P 4 are edges. We shall refer to the pair {x i , x i } as the i th level.
We shall show that V \(K ∪K ) is a stable set. Suppose the contrary, and consider a nontrivial component D of G − (K ∪ K ). By Proposition 1, D is joined to some 4-subset of K ∪ K . Moreover, by Lemma 7, we can choose this subset to be neither K nor K . It follows easily that there is a path P of length at least three, with internal vertices in D, connecting a vertex of K and a vertex of K . In addition, there is a path Q, internally-disjoint from P , joining an internal vertex of P to a third vertex of K or K , which we may suppose without loss of generality to be in K. Figures 3(b) , 3(c) and 3(d), show that P neither links two vertices of the same level nor a vertex of the first level with a vertex of any other level. We may suppose, therefore, that P links x 2 and x 3 , as shown in Figure 3 (e). Figure 3(d) shows that P 1 cannot be a single edge. It now follows from Figure 3 (a) that P and P 1 intersect. But then there is a 3 × 3 grid minor, as indicated in Figure 3(e) . We conclude that V \ (K ∪ K ) is indeed a stable set.
We now set W t0 := K ∪ K and
Let T be the star with centre t 0 and leaves
) is a treedecomposition of G of width seven. Proof: We set K := {x 1 , x 2 , x 3 , x 4 } and K := {x 1 , x 2 , x 3 , x 4 }, where the four disjoint paths P i linking K to K link x i to x i , 1 ≤ i ≤ 4. By Lemma 12, K and K are not disjoint, and we may suppose that x 1 = x 1 .
Suppose that |K ∩ K | = 1. If two of the paths P 2 , P 3 and P 4 are of length at least two, G has a 3 × 3 grid minor, as shown in Figure 4 (a). Hence we may suppose that P 2 and P 4 are edges. If X := {x 1 , x 3 , x 4 , x 2 } is a vertex cut of G, and V 1 and V 2 denote the vertex sets of the components of G − X, we can reduce both G[V 1 ∪ X] and G[V 2 ∪ X] to K 4 's on X, thereby contradicting Lemma 7 (see Figure 4(b) ). Therefore C := x 1 x 2 x 2 x 3 x 4 x 1 is a good circuit and, as K ⊂ V (C), the set S := V (C) satisfies the lemma (see Figure 4(c) ).
Suppose now that |K ∩ K | ≥ 2. Then, as shown in Figure 4 , there is a circuit C in G of length five which is good: the deletion of any vertex x of C all of whose neighbours lie on C leaves a hamiltonian subgraph. Again, K ⊂ V (C), and S := V (C) satisfies the lemma.
Lemma 14
Suppose that G has exactly one 4-clique, K. Then there exists a transversal S of size at most five for the good circuits and K.
Proof: If K meets every good circuit, set S := K. If not, let C be a good circuit disjoint from K and let P i , 1 ≤ i ≤ 4, be four disjoint paths linking C and K. For 1 ≤ i ≤ 4, we denote by x i the endvertex of P i In Figure 25 , we first show that all the paths P 1 and P 4 are single edges. Figure 26 shows that we just have to study one special case, denoted by (b). Figure 27 shows that it is enough to study the subcase (b4) of (b). Finally, Figure 28 shows that the case (b4) cannot occur, as G would then contain two disjoint good circuits C and C . Note that C and C are not bad circuits of length six as their good vertices would then lie on a path of length four.
Lemma 15 Suppose that G has no 4-clique. Then there exists a transversal S of size five for the good circuits.
Proof: Suppose first that there is no bad circuit in G. Then every pair of long circuits intersect. Birmelé showed in [2] that if all the circuits of length at least five of a graph intersect, there exists a transversal of size five for the set of those circuits. Therefore, in this case, S exists.
We may then suppose that G contains a bad circuit C. Moreover, we may assume that C has length five, because the subgraph induced by a bad circuit of length six contains one of length five. We set V (C) := {x, x 1 , x 2 , x 3 , x 4 }, where x is the bad vertex of C.
If every good circuit meets C, the set S := {x 1 , x 2 , x 3 , x 4 } satisfies the lemma. So we may suppose that there exists a good circuit C disjoint from C but linked to it by four disjoint paths, P 1 , P 2 , P 3 , P 4 , where x i is the initial vertex of P i , 1 ≤ i ≤ 4. Let y i be the end of P i on C , 1 ≤ i ≤ 4 (see Figure 29) .
Suppose that y 1 and y 2 are consecutive on C , and consider the circuit C 1 shown in Figure 30 (a). Then,
• either C 1 is good;
• or C 1 is bad, and we denote by S 1 the set of its bad vertices;
• or it is of length four, and we set S 1 := ∅.
If C 1 is not good, we consider the circuit C 2 shown in Figure 30 (b). Then,
• either C 2 is good, and S := V (C 2 ) \ S 1 satisfies the lemma, because every good circuit must intersect C 2 ;
• or C 2 is bad, and we denote by S 2 the set of its bad vertices.
In the latter case, we use the same arguments for the circuit C 3 shown in Figure 30 (c):
• either C 3 good, and S := V (C 3 ) \ S 2 satisfies the lemma;
• or C 3 is bad, and we denote by S 3 the set of its bad vertices.
Finally, if C 3 is bad, the circuit C 4 in Figure 30 (d) is good because it has length at least seven, and S := V (C 4 ) \ S 3 satisfies the lemma.
Therefore, if C 1 exists, either it is good or the lemma is satisfied. Figure 31 represents the three possible orders of the y i 's along C and highlights two disjoint circuits in each case. The preceding argument for C 1 can also be applied to C 2 ,C 3 ,C 4 and C 5 . The circuit C 6 is good, since at least five of its vertices have neighbours off the circuit. Thus, in each case, G would have two disjoint good circuits if the lemma were not satisfied.
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Figure 31: Proof of Lemma 15
